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We study the problem of magnetization and heat currents and their associated thermodynamic
forces in a magnetic system by focusing on the magnetization transport in ferromagnetic insulators
like YIG. The resulting theory is applied to the longitudinal spin Seebeck and spin Peltier effects.
By focusing on the specific geometry with one YIG layer and one Pt layer, we obtain the optimal
conditions for generating large magnetization currents into Pt or large temperature effects in YIG.
The theoretical predictions are compared with experiments from the literature permitting to derive
the values of the thermomagnetic coefficients of YIG: the magnetization diffusion length lM ∼ 0.4µm
and the absolute thermomagnetic power coefficient M ∼ 10−2 TK−1.
PACS numbers: 75.76.+j, 85.75.-d, 05.70.Ln
I. INTRODUCTION
The recent discovery of the longitudinal spin Seebeck
effect in ferromagnetic insulators has raised a renewed in-
terest in the non equilibrium thermodynamics of spin or
magnetization currents1. Experiments have shown that
a temperature gradient applied across an electrically in-
sulating magnetic material is able to inject a spin current
into an adjacent metal, where the spin polarization is re-
vealed by means of the inverse spin Hall effect (ISHE)2,3.
Typical experiments have been performed by using ferri-
magnets, like the yttrium iron garnet (Y3Fe5O12, YIG)
as insulating magnetic material and Pt or other noble
metals, as conductors2,3. In analogy to thermoelectrics,
the reciprocal of the spin Seebeck effect has been called
spin Peltier effect4. This reciprocal effect has been re-
cently observed by using the spin Hall effect of Pt as
spin current injector and observing the thermal effects
on YIG4. All these experiments show that the magneti-
zation current can propagate along different media using
different type of carriers. While spin currents in metals
are associated to the unbalance in the spin polarization
of conduction electrons, in magnetic insulators the mag-
netization transport is due to spin waves or magnons5.
Spin Seebeck and spin Peltier experiments reveal that the
magnetization current carried by magnons in the mag-
netic insulator can be transformed into a spin current
carried by electrons and viceversa. The mechanism of
this conversion is seen as the interfacial s-d coupling be-
tween the localized magnetic moment of the ferromagnet
(which is often due to d shell electrons) and the con-
duction electrons of the metal (which are often s shell
electrons)6–8.
The thermodynamics of thermo-magneto-electric ef-
fects, i.e. spin caloritronics, has been already developed
for metals by adding the spin degree of freedom to the
thermo-electricity theory9,10. However, spin caloritronics
cannot be directly applied to electrical insulating mag-
netic materials like YIG. Therefore it is necessary to
develop a more general theory which could be applied
to both conductors and insulators. The formulations
of the problem present in the literature often focus on
the microscopic origin without paying much attention
to the formal thermodynamic theory that is expected
as a result. Refs.5,11–14 describe the non equilibrium
magnon distribution through an effective magnon tem-
perature different from the lattice temperature. How-
ever from an experimental point of view in Ref.15 it was
observed a close correspondence between the spatial de-
pendencies of the exchange magnon and phonon temper-
atures. The Boltzmann approach for magnon transport
was used in Ref.8,16–19, combined by a YIG/Pt interface
coupling7,8. Within these approaches the spin accumu-
lation and the magnon accumulation take the role of an
effective force able to drive the magnetization current.
The use of different quantities between the two sides of
a junction requires therefore the introduction of a spin
convertance to account for the magnon current induced
by spin accumulation and the spin current created by
magnon accumulation20.
The aim of the present paper is to define the macro-
scopic non-equilibrium thermodynamics picture for the
problems related to magnetization currents that could
be used independently of the specific magnetic moment
carrier. To this aim we start from the results of the ther-
modynamic theory of Johnson and Silsbee9. The main
difference with respect to the classical theories of the
thermoelectric effects is that the magnetization current
density jM is not continuous. The magnetic moment can
both flow through a magnetization current but also can
be locally absorbed and generated by sinks and sources.
Here, by limiting the analysis to the scalar case, we state
the simplest possible continuity equation for the magne-
tization. As a result we find that the potential for the
magnetization current is the difference H∗ = H−Heq be-
tween the magnetic field H and the equilibrium field Heq.
The gradient of the potential ∇H∗ is the thermodynamic
force to be associated to the magnetization current.
With this definition it is then possible to state the con-
stitutive equations for the joint magnetization and heat
transport and to identify the absolute thermomagnetic
power coefficient M relating the gradient of the poten-
tial of the magnetization current µ0∇H∗ with the tem-
perature gradient ∇T , in analogy with thermoelectricity.
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2The same coefficient also determines the spin Peltier heat
current MTjM when the system is subjected to a mag-
netization current.
In the present work we apply the previous arguments to
describe the generation of a magnetization current by the
spin Seebeck effect and the heat transport caused by the
spin Peltier effect. To this end we have to complement
the constitutive equations for the thermo-magnetic active
material (YIG) with the equations for the spin Hall active
layer (Pt). Once the equations for the two materials are
written by using the same thermodynamic formalism, one
can apply the theory to solve specific problems of magne-
tization current traversing different layers. The diffusion
length for the magnetization current lM = (µ0σMτM )
1/2
is related to intrinsic properties of each material: the
magnetization conductivity σM and the time constant
τM , describing how fast the system is able to absorb the
magnetic moment in excess. We are also able to show
that the passage of the magnetization current from one
layer to the other is governed by the ratio between lM/τM
of the two layers.
By focusing on the specific geometry with one YIG
layer and one Pt layer, we obtain the optimal conditions
for generating large magnetization currents into Pt in the
case of the spin Seebeck effect and for generating large
heat current in YIG in the case of spin Peltier effects.
In both cases we find that efficient injection is obtained
when the thickness of the injecting layer is larger than the
critical thickness lM as recently experiments confirm
21.
We finally determine the values of the thermomagnetic
coefficients of YIG by comparing the theory to recent
experiments4,22.
The paper is organized as follows. In Section II we
first discuss the thermodynamic properties of an out-of-
equilibrium but spatially uniform magnetic system23 and
on that basis we introduce, for non spatially uniform sys-
tem, the currents and the thermodynamic forces in anal-
ogy with the non equilibrium thermodynamics of ther-
moelectric effects24. In Section III we set the constitu-
tive equations for the magnetization and heat transport
in both an insulating ferrimagnet and a metal with the
spin Hall effect. Section IV is devoted to the solutions
of the magnetization current problem. In Section V we
focus on the specific longitudinal spin Seebeck geometry
and on the spin Peltier effect. Finally some conclusive
remarks are drawn in Section VI.
II. THERMODYNAMICS OF
MAGNETIZATION CURRENTS
A. Thermodynamics of uniform magnetic systems
We consider a magnetic system that can be described
by a scalar magnetization M . Suitable systems can be
ferromagnetic or ferrimagnetic materials where an easy
axis is present, due for example to an anisotropic crys-
tal structure, along which all the vector quantities are
lying. We take spatially uniform quantities and all ex-
tensive quantities as volume densities. The derivative of
the internal energy density u(s,M) with respect to the
magnetization at constant entropy density s, gives the
equilibrium state equation
Heq =
1
µ0
∂u
∂M
∣∣∣∣
s
(1)
where µ0 is the magnetic permeability of vacuum. In
equilibrium the magnetic field H is equal to the state
equation H = Heq(M, s). When H is different from its
equilibrium value Heq the system state will try to reach
the equilibrium by the action of dissipative processes. In
a generic out-of-equilibrium situation the variation of in-
ternal energy must take into account that dissipative pro-
cesses correspond to an entropy production. The energy
balance then reads
du = Tds+ µ0HdM − Tσsdt (2)
where T = ∂u/∂s is the temperature, µ0HdM is the in-
finitesimal work done on the system, σs is the entropy
production rate, which has to be a definite positive term
and t is time. When approaching equilibrium, the mag-
netization M will change until the equilibrium condition
H = Heq(M) will be reached. The typical situation is
sketched in Fig.1 showing two processes connecting the
equilibrium states (1) and (2). The equilibrium path
(solid line) corresponds to the slow variation of field H
from H1 to H2 through the equilibrium state equation
H = Heq(M). The out-of-equilibrium path (dashed line)
passes through the out-of-equilibrium state (1′) and cor-
responds to the sudden variation of the field from H1 to
H2 and to the subsequent time relaxation. As the initial
and final states are always equilibrium states, the final
internal energy variation must be the same for any pro-
cess. This is obtained by assuming that the part of the
work going into the internal energy is always the equi-
librium one. Then, by inserting du = µ0HeqdM (from
Eq.(1)) into Eq.(2) at constant entropy (ds = 0) we find
the expression for the entropy production rate
σs = µ0
H −Heq
T
dM
dt
. (3)
As expected, the entropy production rate is the product
of a generalized force, or affinity, represented by the term
µ0(H−Heq)/T , times a generalized flux, or velocity, rep-
resented by dM/dt24. If the distance from equilibrium is
not too large one can consider the linear system approx-
imation and assume the velocity to be proportional to
the affinity. It is appropriate to describe this fact by in-
troducing a typical time constant τM for the process by
defining
dM
dt
=
H −Heq
τM
, (4)
3where the temperature T and µ0 appearing in the gener-
alized force, have been incorporated into the definition of
the time constant. Eq.(4) provides a kinetic equation for
the magnetization describing the time relaxation from a
generic out-of-equilibrium state by showing that the ve-
locity dM/dt depends on the distance from equilibrium
H −Heq (see Fig.1).
H
M
Heq(M)
H-Heq
H2
M1
H1
(1)
(1')
Δu
(2)
M2
FIG. 1. Equilibrium path (solid line) and out-of-equilibrium
path (dashed line) connecting the equilibrium states (1) and
(2) in the H versus M diagram of a magnetic material.
Heq(M) is the equilibrium state equation at constant en-
tropy. (1′) is an out-of-equilibrium state obtained by the
sudden change of the field from H1 to H2. In the relaxation
path from (1′) to (2) the work is µ0HdM , the internal en-
ergy change is du = µ0HeqdM and the entropy production is
Tσsdt = µ0(H −Heq)dM . The relaxation equation is Eq.(4)
The interesting physics behind Eq.(4) is that it also
expresses the non conservation of the magnetic moment
with the presence of sources and sinks, although the total
angular momentum for an isolated system is conserved.
As a matter of fact in the solid state there is a huge
reservoir of angular momentum available (electrons, nu-
clei, etc) and only a very small part of it is associated
to the magnetic moment. As a result, the magnetization
can be easily varied by exchanging angular momentum
with the reservoir constituted by non magnetic degrees
of freedoms. With this in mind, the physical meaning of
Eq.(4) is to express how fast the angular momentum from
the magnetization subsystem can be exchanged with the
reservoir.
Finally, as it happens in many problems involving a
non conserved magnetization, also the internal energy is
a non conserved quantity. To avoid the problem, we pass
to the enthalpy potential ue = u−µ0HM which contains
the magnetic field H and the entropy s as independent
variables. Dealing with out-of-equilibrium processes, the
potential ue is also a non equilibrium one which depends
on the magnetization M as an internal variable. From
Eq.(2), the enthalpy variation is
due = Tds− µ0MdH − µ0(H −Heq)dM (5)
where we have used the definition of the entropy produc-
tion of Eq.(3). The expression for the variation of the en-
thalpy potential (5), together with the kinetic equation
(4), constitutes the out-of-equilibrium thermodynamics
of the system23 and can be employed to build up the
thermodynamics of fluxes and forces.
B. Thermodynamics of fluxes and forces
We now pass from the out-of-equilibrium thermody-
namics of a spatially uniform magnetic system to the
problem of having a non uniform situation involving cur-
rents of the extensive variables, entropy and magnetiza-
tion, and the associated thermodynamic forces24. Both
the extensive and intensive variable are now allowed to
vary as a function of space coordinates r. In the case
of extensive variables the volume densities are intended
as moving averages over a small volume ∆V around the
point r. As the magnetization is a non conserved quan-
tity, we need to explicitly express the fact that any mag-
netization change dM is in part drawn from the reser-
voir of angular momentum, which is external to the ther-
modynamic system, and in part exchanged between the
surrounding regions of the thermodynamic system itself,
giving rise to a current of magnetic moment jM . The
sources and sinks of the magnetic moment are exactly
those described in the previous Section by Eq.(4), then
we can immediately write a continuity equation for the
magnetization by extending Eq.(4), obtaining
∂M
∂t
+∇ · jM = H −Heq(M)
τM
. (6)
Next, as it is usually done in the non equilibrium theory
of fluxes and forces24, we use Eq.(5) to pass to the entropy
representation by writing the entropy variation
ds =
1
T
due +
µ0M
T
dH +
µ0(H −Heq)
T
dM. (7)
As we aim to define the entropy current as a function of
the other currents, we have to look at the previous equa-
tion in search for the variations of the extensive variables.
Eq.(7) contains the variation of the enthalpy due and the
magnetization dM which both have associated currents,
while the variation of the magnetic field dH does not
corresponds to any current and has not to be taken into
account in the definition of the entropy current. Then
we define
js =
1
T
jue +
µ0(H −Heq)
T
jM (8)
where js is the entropy current and jue is the enthalpy
current which obeys the following continuity equation
∂ue
∂t
+∇ · jue = −µ0M
∂H
∂t
, (9)
4from which one notices that the enthalpy is conserved if
the field H is constant in time. The continuity equation
for the magnetization is Eq.(6) and finally the entropy
obeys the continuity equation
∂s
∂t
+∇ · js = σs. (10)
As it is done in the classical treatment24,25, one expresses
the entropy production rate σs in terms of a sum of prod-
ucts of each current times its thermodynamic force. By
using Eqs.(7)-(9) into Eq.(10) and introducing the heat
current as jq = Tjs, after a few passages one obtains
σs = ∇
(
1
T
)
· jq + FM · jM + 1
τM
µ0 (H −Heq)2
T
(11)
where we have defined the thermodynamic force associ-
ated to the magnetization current
FM = 1
T
µ0∇ (H −Heq) . (12)
In Eq.(11) we see the products of the heat current jq
times its force ∇(1/T ), of the magnetization current
jM times its force FM and the last term which is ex-
actly the entropy production associated with the out-of-
equilibrium homogeneous processes and not to the fluxes.
The last term can be also recognized as entropy produc-
tion of Eq.(3) where the affinity is µ0(H−Heq)/T and the
magnetization change dM/dt is (H − Heq)/τM as given
by Eq.(4).
As a main result we have found that the gradient of
the distance from equilibrium Eq.(12) is the generalized
force associated with the magnetization current jM . For
simplicity we define H∗ = H − Heq to specify the dis-
tance from equilibrium and we observe that the driving
force of the magnetization current appears as soon as
the system is brought out-of-equilibrium. In that case
the system may find more effective to draw magnetiza-
tion from the surroundings rather than from the local
spin reservoir. The strength of this effect is given by a
further parameter, the magnetization conductivity σM ,
which establishes the relationship between the magneti-
zation current jM and the gradient of H
∗
jM = σMµ0∇H∗. (13)
H∗ can be different from zero in stationary situation ev-
ery time the material experiences the accumulation of
magnetization (i.e. spin accumulation in the case of
metallic conductors). We have to notice that even if H∗
has the units of a magnetic field, it is not a magnetic
field in the sense of the Maxwell equations of electro-
magnetism. Its status is analogous to the exchange field
or the anisotropy field of ferromagnets whose origins is in
the quantum mechanics of the solid. H∗ represents the
thermodynamic reaction of the system for finding itself in
an out-of-equilibrium situation. In the following we refer
to H∗ as the potential for the magnetization current.
III. CONSTITUTIVE EQUATIONS
Having defined the potential H∗ associated with the
magnetization current, we are ready to write the consti-
tutive equations for the two materials of interest for the
spin Seebeck and spin Peltier effects: a magnetic insu-
lating material with a spin Seebeck effect and a metallic
conductor with the spin Hall effect.
A. Thermomagnetic effects in magnetic insulators
In analogy with the thermoelectric effects24, we can
write the constitutive equation for the joint transport of
magnetization and heat by using the potential associated
with the magnetization current derived in the previous
Section. The general case which includes the presence
of electric current is reported in Appendix A. Here we
limit to insulators and we take currents and forces in one
dimension (∇x = ∂/∂x). The equations for the thermo-
magnetic effect reads
jM = σM µ0∇xH∗ − σM M ∇xT (14)
jq = MσMTµ0∇xH∗ − (κ+ 2MσMT )∇xT (15)
where σM is the spin conductivity, M is absolute ther-
momagnetic power coefficient, jq is the heat current den-
sity and κ is the thermal conductivity under zero mag-
netization current. Since the magnetization is not con-
served, the magnetization current is not continuous and
we have always to add the continuity equation (6). In
non-equilibrium stationary states we always ask the con-
dition ∂M/∂t = 0 to be true, so Eq.(6) becomes
∇x jM = H
∗
τM
. (16)
1. Uniform temperature gradient
If we disregard for the moment the heat currents,
the solution of magnetization current problems will cor-
respond to find solutions to the system composed by
Eqs.(14) and (16). Under a uniform temperature gra-
dient, where ∇T is a constant, the second term at the
right hand side of Eq.(14) is just a magnetization current
density source jMS = −σM M ∇xT . Then the solution
of
jM = jMS + σM µ0∇xH∗ (17)
5together with Eq.(16), considering constant coefficients,
leads to a differential equation for the potential
l2M∇2xH∗ = H∗ (18)
where
lM = (µ0σMτM )
1/2 (19)
is a material dependent diffusion length. The differential
equation (18) has general solutions in the form
H∗(x) = H∗− exp(−x/lM ) +H∗+ exp(x/lM ) (20)
where H∗− and H
∗
+ are coefficients to be determined on
the base of the boundary conditions. By looking at
Eqs.(14) and (16) we have that if the conduction process
is present in different materials, the solution is made by
taking Eq.(20) for each material and finally joining the
solutiosn by requesting the continuity in both jM and
H∗.
2. Adiabatic conditions
When the temperature is not externally controlled, we
have to formulate the thermal problem by writing the
heat diffusion equation. To this aim we need to write
the continuity equations for the entropy. In stationary
conditions Eq.(10) becomes ∇xjs = σs where the term
at the left hand side is written by using js = jq/T and
Eq.(15) rewritten as
jq = MTjM − κ∇xT (21)
while the term at the right hand side is given by Eq.(11).
After a few passages, we obtain
∇xjq = µ0∇xH∗jM + µ0 (H
∗)2
τM
(22)
where the terms at the right hand side are due to the en-
ergy dissipation of the magnetization current and to the
local damping, respectively. Both terms are quadratic in
the force and the potential, therefore if we assume small
currents and forces we are allowed to neglect them in a
first approximation. In this case we obtain the condi-
tion ∇xjq = 0 which, in one dimension, corresponds to
a constant heat flux traversing the material. Moreover
we choose here to study the adiabatic condition corre-
sponding to jq = 0 in which the two terms at the right
hand side of Eq.(21), the spin Peltier term MTjM and
the heat conduction caused by the temperature profile
T (x), counterbalance each other, giving no net heat flow
through the layer. The profile T (x) will be stable if tem-
perature of the thermal baths at the boundaries of the
material are let free to adapt at the temperatures of the
two ends. By using the adiabatic condition jq = 0 in
Eq.(15) we immediately obtain
∇xT = 1
ˆM
µ0∇xH∗ (23)
where ˆM is the thermomagnetic power coefficient in adi-
abatic conditions
1
ˆM
=
1
M
κM
κ+ κM
(24)
and κM = 
2
MσMT . From Eq.(23) we see that the tem-
perature profile depends on the profile of the potential
H∗. This last one is determined by inserting Eq.(23)
into Eq.(14). We have finally
jM = σˆMµ0∇xH∗ (25)
that has to be solved with the continuity equation (16)
giving again the diffusion equation (18) of the previous
section. However now the diffusion length is the adiabatic
value lˆM = (µ0σˆMτM )
1/2 where
σˆM = σM
κ
κ+ κM
(26)
is the conductivity for the magnetization current in adi-
abatic conditions.
B. Spin Hall effect in non-magnetic metals
The spin Hall effect is due to the spin orbit interac-
tion for conduction electrons. This effect is particularly
relevant for noble metals with high atomic number. Be-
cause of the spin orbit interaction, a spin polarized elec-
tric current is deflected by an angle which is called the
spin Hall angle θSH . To include spin Hall effects into the
theory of Section III A one should first extend the equa-
tions for the thermo-magnetic effects to the presence of
an additional electric current. This is straightforward
and the formal result is reported in Appendix A. How-
ever to state the equation for the spin Hall effect, the
equations must be further extended for two dimensional
flow. The complete constitutive equations are character-
ized by six force variables, namely: the derivative along
x and y of the three driving forces for magnetic, elec-
tric and heat currents. Here we simplify the problem by
just disregarding the thermal effects. For our final aims
this is a reasonable approximation, since the contribu-
tion arising from the thermomagnetic coefficients of Pt
is smaller than the other contributions involved in the
full matrix of the thermo-magneto-electric effects26. The
general constitutive equations for the joint electric and
magnetic transport are reported in Appendix B. Here we
6analyze in more detail the case of a non magnetic conduc-
tor with negligible Hall effect. We select the conditions
in which the electric current je is always along y, and
the magnetization current jM along x. We have then the
equations for the spin Hall and the inverse spin Hall ef-
fects from Eqs.(B5) and (B6). By converting to magnetic
units one obtains
jey = −σ0∇yVe + σ0θSH
(µB
e
)
µ0∇xH∗ (27)
jMx = σ0θSH
(µB
e
)
∇yVe + σMµ0∇xH∗ (28)
where σM = σ0(µB/e)
2 is the conductivity for the mag-
netization current, σ0 is the electric conductivity, Ve is
the electric potential, e is the elementary charge and µB
is the Bohr magneton. The equations contain the spin
Hall effects in the non diagonal terms which couples dif-
ferent directions and different currents. It is worthwhile
to notice that the effects are fully described by the spin
Hall angle θSH which for metals is a definite negative
quantity.
1. Spin Hall effect
In the spin Hall effect a magnetization current is gen-
erated in the parallel direction x because of an electric
current in the perpendicular one y. By eliminating ∇yVe
by Eq.(27) and Eq.(28) we find that the magnetization
current is related to the electric current density by
jMx = −θSH
(µB
e
)
jey + σ
′
Mµ0∇xH∗ (29)
where σ′M = σM (1 + θ
2
SH). If the electric current density
is uniform, the spin Hall effect corresponds to a mag-
netization current source jMS = −(µB/e)θSHjey. The
profile of the magnetization current jMx which is actu-
ally traversing the layer also depends on the boundary
conditions posed by the adjacent layers. Then, to find
the profile jMx(x), Eq.(29) must be solved together with
the continuity equation (16) giving a differential equation
for the driving potential H∗(x) which has the same from
of Eq.(18) but with lM = (µ0σ
′
MτM )
1/2.
2. Inverse spin Hall effect
In the configuration corresponding to the inverse spin
Hall effect one has a magnetization current in the parallel
direction which generates an electric effect perpendicular
to it. The electric equation in the y direction is
jey = −σ′0∇yVe + θSH
(
e
µB
)
jMx (30)
where σ′0 = σ0(1 + θ
2
SH). The magnetization current
traversing the layer is not constant and it will be given
by the solution of Eq.(29) if the electric current jey is
constrained or by the solution of Eq.(28) if the electric
potential∇yVe is constrained. In both cases the constitu-
tive equation must be solved together with the continuity
equation (16), giving again the differential equation (18).
IV. SOLUTIONS OF THE MAGNETIZATION
CURRENT PROBLEM
A. Single active material
For an active material both the spin Seebeck effects
and the spin Hall effect results in a magnetization cur-
rent source and the profile of the magnetization current
will be due to the boundary conditions. In presence of
boundaries blocking the flow of the magnetization cur-
rent, the magnetic moments accumulate giving rise to
the potential H∗. The magnetization current close to a
boundary is therefore absorbed by the materials itself as
the potential H∗ is also the driving force for the non con-
servation of the magnetic moment (Eq.(6)). As it was
shown in the previous Section, both spin Seebeck and
spin Hall effects are characterized by constitutive equa-
tions that have the same functional form. Then we can
work out the solution for the profile of the magnetization
current independently of the specific effect and consider-
ing boundary conditions only. The specific solution will
correspond to use as the current source jMS the expres-
sion derived from the spin Seebeck Eq.(14) or to the spin
Hall Eq.(29). We initially consider a single material with
generic boundary conditions. The solution of the magne-
tization current problem with several layers will then be
obtained by applying appropriate boundary conditions
and joining the solutions for different layers. We take a
material from x = d1 to x = d2 with a uniform source
of magnetization current jMS . Starting from the formal
solution Eq.(20), we derive the magnetization current by
Eq.(17) and we fix arbitrary values of the current at both
boundaries, i.e. jM (d1) and jM (d2). The expression for
the current is
jM (x) =jMS − (jM (d1)− jMS) sinh((x− d2)/lM )
sinh(t/lM )
+
+ (jM (d2)− jMS) sinh((x− d1)/lM )
sinh(t/lM )
(31)
and for the potential is
H∗(x) =− (jM (d1)− jMS) 1
(lM/τM )
cosh((x− d2)/lM )
sinh(t/lM )
+
+ (jM (d2)− jMS) 1
(lM/τM )
cosh((x− d1)/lM )
sinh(t/lM )
,
(32)
7where t = d2 − d1. Figs.2 and 3 shows the profiles of the
magnetization current and the effective field along the
material for different thicknesses t/lM . The spin accu-
mulation close to the boundaries generates, as a reaction,
an effective field which counteracts the effect considered
(e.g. the spin Seebeck effect) in order to let the current
to go to zero at the interface.
FIG. 2. Magnetization current profiles for a single active ma-
terial. Curves are Eq.(31) with d1 = −t/2 and d2 = t/2,
boundary conditions fixed to zero (jM (−t/2) = jM (t/2) = 0)
and show different thicknesses t/lM . The curves are normal-
ized to jMS .
FIG. 3. Magnetization potential profile H∗ for a single active
material. Curves are Eq.(32) with d1 = −t/2 and d2 = t/2,
boundary conditions fixed to zero (jM (−t/2) = jM (t/2) = 0)
and show different thicknesses t/lM (same as Fig.2). The
curves are normalized to H∗0 = jMS/(lM/τM ).
B. Injection of a magnetization current
We consider the injection of a magnetization current
from an active material which is acting as current gen-
erator, or current injector, into a passive material which
is acting as a conductor. It is known that the quality
of the interface plays an important role in the injection
of the spin currents27. In Ref.27 the condition of the
Pt/YIG interface was intentionally modified by creating
a thin amorphous YIG layer varying from 1 to 14 nm and
it was shown that the spin Seebeck effect is depressed as
the thickness of the amorphous layer increases. The max-
imum value is obtained with a fully crystalline interface
and the typical decay length of the effect with thickness is
2.3 nm. In the present theory this kind of interlayer inter-
face can be taken into account by introducing a third ef-
fective layer, with degraded properties, between the two.
In the present paper we consider ideal interfaces between
injector and conductor which is appropriate for spin See-
beck experiments characterized by crystalline interfaces.
To analyze the injection of a magnetization current, we
simplify the notation by dropping the M subscript and
employing subscripts describing the role of the material:
(1) for the injector and (2) for the conductor. The mag-
netization current source is that of the active material (1)
and is denoted jMS . The connection between the two me-
dia is set at x = 0. The boundary conditions for the mag-
netization current is j1(0) = j2(0) = j0 and the bound-
ary condition for the potential is H∗1 (0) = H
∗
2 (0) = H
∗
0 .
Appendix C reports the formal solutions in the case in
which each layer has finite width. These solutions will be
employed in the comparison with real experiments per-
formed in bilayers. Here we discuss how the efficiency of
the injections is determined by intrinsic parameters. To
this aim we take the solutions of Appendix C in the limit
of semi infinite width and we obtain
j1(x) = jMS − (jMS − j0) exp(x/l1) (33)
and
j2(x) = j0 exp(−x/l2) (34)
for the currents and
H∗1 (x) =
j0 − jMS
(l1/τ1)
exp(x/l1) (35)
and
H∗2 (x) = −
j0
(l2/τ2)
exp(−x/l2). (36)
By setting the boundary condition at the interface be-
tween the two media H∗1 (0) = H
∗
2 (0) we find the value of
the current at the interface
j0 =
jMS
1 + r12
(37)
where r12 = (l1/τ1)/(l2/τ2). If r12  1 the current is
efficiently injected, while if r12  1 the magnetization
current is not transmitted into the conductor. In terms
of intrinsic parameters we have
8r12 =
√
σ1
σ2
τ2
τ1
. (38)
So a junction with an efficient injection from (1) to (2)
should have a conductor (2) with a magnetization con-
ductivity much larger than the injector σ2  σ1 and a
time constant much smaller τ2  τ1.
V. SPIN SEEBECK AND SPIN PELTIER
EFFECTS
In this Section we apply the theory previously devel-
oped to the spin Seebeck and spin Peltier effects.
A. Spin Seebeck effect
The spin Seebeck effect consists in a magnetization
current generated by a temperature gradient across a
ferromagnetic material. We study the longitudinal spin
Seebeck effect (LSSE) where the magnetization current
and the temperature gradient are along the same direc-
tion. We consider experiments in which the active layer
is YIG, the injector, labeled as (1) and the sensor layer
is Pt, the conductor, labeled as (2). The geometry of the
experiment is schematically shown in Fig.4. The YIG
injector has thickness t1 = tY IG while the Pt conductor
has thickness t2 = tPt. The interface is set at x = 0.
x
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z
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FIG. 4. Geometry of the longitudinal spin Seebeck effect.
The temperature gradient is applied along x, the mag-
netic field is along z, the electric effects (ISHE voltage)
are measured along y. We consider a constant tempera-
ture gradient ∇xT , therefore the magnetization current
source of YIG is jMS = −σY IGY IG∇xT given by the
equations of Section III A. The solutions of the magneti-
zation current problem are Eqs.(C1) and (C2) reported
in Appendix C and the magnetization current at the in-
terface is given by Eq.(C5) in which l1 = lY IG, τ1 = τY IG
and l2 = lPt, τ2 = τPt. As the thickness of the Pt layer
is generally of the same order of the spin diffusion length
(tPt ∼ lPt ∼ 10 nm), we can approximate Eq.(C2) for
the case of t2 ∼ l2 and find that the profile of the mag-
netization current is, at a good approximation, a linear
decay from j0 at the interface x = 0 to zero at the bor-
der x = t2. The average magnetization current in the Pt
layer is therefore 〈jMx〉x = j0/2 where j0 is the magne-
tization current injected at the interface. If the experi-
ments are performed by measuring the ISHE voltage, by
taking Eq.(30) with jey = 0, we obtain the relation be-
tween the magnetizations current along x and the electric
potential along y. We assume the relation to be valid for
the average values along x over the thickness t2. The
average potential is then
〈∇yVe〉x = θSH
σe
(
e
µB
)
〈jMx〉x. (39)
where σe, corresponding to σ
′
0 in Eq.(30), is the electric
conductivity of Pt. The current injected at the interface
j0 can therefore be estimated by the gradient of the ISHE
voltage ∇yVISHE = 〈∇yVe〉x,
j0 = 2
σe
θSH
(µB
e
)
∇yVISHE . (40)
In experiments, the spin Seebeck coefficient is determined
as SLSSE = ∇yVISHE/∇xT . The magnetization current
at the interface can be calculated by Eq.(40) where the
spin Hall angle is evaluated as θSH = −0.1 from Ref.28.
In turn, the relation between the spin Seebeck current
jMS and j0 at the interface, given by Eq.(C5), will de-
pend on the intrinsic parameters of both layers and their
thickness. Once the current jMS is calculated, one can
estimate the spin Seebeck coefficient as
Y IG =
1
σY IG
(
jMS
−∇T
)
. (41)
In Pt the magnetization diffusion length is known to be
lPt = 7.3 nm
28. The spin conductivity can be estimated
by assuming that in a normal metal the scattering acts
independently of the spin29. Then, by converting the
electrical conductivity of Pt σe = 6.4 · 106 Ω−1m−1, into
the conductivity for the magnetization current, we obtain
µ0σPt = 2.6 · 10−8 m2s−1. The time constant is finally
calculated and results τPt = l
2
Pt/(µ0σPt) ' 2 · 10−9 s.
In YIG the estimations of the magnetization diffu-
sion length present in literature, range from micron to
millimeter30–32 for the transverse experiment (in which
current and magnetization are parallel) to much lower
value (i.e. < 1µm)33 for the longitudinal effect (in which
current and magnetization are perpendicular). From
Ref.3 the LSSE coefficient measured on 1 mm of YIG,
SLSSE ' 4 ·10−7 VK−1, results to be larger than the one
measured on a 4 µm sample22 SLSSE ' 2.8 · 10−7 VK−1,
but of the same order of magnitude. Therefore we can
guess that lY IG is of the same order of magnitude of the
thinner sample (4 µm) in order to allow for an efficient
9injection in both cases. In a more recent study, the de-
pendence of the spin Seebeck effect on the thickness of
YIG was investigated21. It has been reported that the
typical diffusion length is below lY IG = 1.5µm. We set
in the following lY IG = 1µm. For the evaluation of the
absolute thermomagnetic power coefficient Y IG we use
the result of Ref.22 where the thermal conditions were
properly taken into account. These experiments were
performed by using a YIG layer of 4 µm and a Pt layer
of 10 nm.
By using the LSSE coefficient estimated at the sat-
uration magnetization of YIG we obtain j0/(−∇xT ) '
2 · 10−3 As−1K−1m22. The only missing intrinsic param-
eter is the magnetization conductivity of the YIG, σY IG.
To have an order of magnitude we suppose a reasonable
injection from YIG into Pt (i.e 50%, with j0 = 0.5 jMS).
Then we set r12 = 1, i.e. l1/τ1 = l2/τ2. By using
the resulting value for the magnetization conductivity
of YIG µ0σY IG ∼ 4 · 10−7 m2s−1, we finally obtain
an order of magnitude for the absolute thermomagnetic
power coefficient as Y IG ∼ 10−2 TK−1. In analogy with
the thermoelectric effects where the absolute thermoelec-
tric power coefficient is compared to the classical value
e = −kB/e ' −86·10−6 VK−1, the value found here can
be compared with the ratio kB/µB ' 1.49 TK−117. Fur-
thermore, as the experiments show that ∇yVISHE and
therefore jMS , changes sign when the magnetization of
the YIG layer is inverted, this means that Y IG changes
sign when inverting the magnetization M . The value re-
ported before corresponds to the absolute value when the
magnetization of YIG is at saturation.
B. Spin Peltier effect
In the spin Peltier experiments a magnetization cur-
rent is generated by the spin Hall effect in a Pt layer,
labeled as (1) and is injected into a YIG layer, labeled
as (2). The injection of the magnetization current into
the YIG, generates thermal effects. The geometry of the
experiment is schematically shown in Fig.5.
x
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FIG. 5. Geometry of the spin Peltier effect.
The interface is set at x = 0, the electric current is
along y, the magnetization current is along x and the
magnetic field is along z. The magnetization current
source is now jMS = −θSH (µB/e) jey given by the spin
Hall effect in Pt discussed in Section III B. When the
magnetization current diffuses inside YIG, it also gen-
erates a heat current because of the spin Peltier effect
described in Section III A 2. The solution of the magne-
tization conduction problem is mathematically identical
to the spin Seebeck one, but with the role of YIG and
Pt inverted. For this reason we have employed label (1)
for the injector, which is now Pt, and label (2) for the
conductor which is now YIG. The solutions of the mag-
netization current problem are again Eqs.(C1) and (C2)
reported in Appendix C and the magnetization current
at the interface is given by Eq.(C5). With respect to the
previous spin Seebeck case, the diffusion length of YIG
is the adiabatic value lˆY IG = (µ0σˆY IGτY IG)
1/2. In the
spin Peltier experiment the temperature profile in YIG
is given by the integration of Eq.(23)
T (x)− T (0) = 1
ˆY IG
µ0 (H
∗
2 (x)−H∗2 (0)) (42)
where H∗2 (x) is given by Eq.(C4). The result is shown in
Fig.6.
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FIG. 6. Temperature profile of YIG for the spin Peltier effect.
Curves are ∆T = T (x) − T(0) from Eq.(42) normalized to
∆TSH = µ0H
∗
SH/εˆY IG and H
∗
SH = jMS/(lY IG/τY IG). The
parameters are r12 = 1, lPt/tPt = 0.1.
By looking at the magnetization current profile (Fig.7),
we see, as in the spin Seebeck experiment, that in order to
have a good efficiency, the thickness of each layer should
be larger than its diffusion length (t1 > l1 and t2 > l2) to
permit to the magnetization current to develop. More-
over the efficiency of the injection is regulated by the
ratio of intrinsic parameters r12 = (l1/τ1)/(l2/τ2), where
(1) is the injector Pt and (2) is the conductor YIG. Again
the magnetization current at the interface is large if the
ratio r12 is small. However it should be noticed that
given the two materials in the junction (i.e. Pt,YIG)
we have that rPt→Y IG = 1/rY IG→Pt. So, the value
rPt→Y IG = rY IG→Pt ' 1 is the value which permits
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relatively efficient injection both from Pt into YIG and
from YIG into Pt.
Finally from the temperature profile Fig.6 obtained in
adiabatic conditions we can reach information about the
coefficient of the absolute thermomagnetic power in adi-
abatic conditions εˆY IG. The profile T (x) is normalized
to the temperature ∆TSH which gives the typical scale
of the effect
∆TSH =
1
εˆY IG
µ0H
∗
SH (43)
where H∗SH = jMS/(lY IG/τY IG). From the litera-
ture the thermal conductivity of YIG is κ = 6 W
K−1m−1. From Section V A, εY IG ' 10−2 TK−1 and
the parameter κY IG ' 10−2 W K−1m−1 34. Moreover
the potential H∗SH is related to the spin Hall current
jMS = −(µB/e)θSHjey injected from Pt. Using the val-
ues from34 lY IG/τY IG = 3 ms
−1 and θSH = −0.1 we
are able to give an order of magnitude estimate of the
temperature change, obtaining ∆TSH/jey = 4 · 10−13 K
A−1m2.
Experimental values are taken from Ref.4, where in
correspondence to an electric current density of 3 · 1010
A m−2 in Pt, the temperature difference measured by a
thermocouple in YIG was 2.5 · 10−4 K, considering that
the Joule heating of the electric current in Pt was already
subtracted. The parameter ∆TSH results 1.2 · 10−2 K
which is of the correct order of magnitude. Consequently
by using t1 = tPt = 5 nm and t2 = tY IG = 0.2µm
in Eqs.(C4) and (42), we find an adiabatic tempera-
ture change of T (tY IG) − T (0) ' 2.5 · 10−4 K with
lY IG = 0.4µm. This value refines the upper limit of
1µm which was found in Section V A, however the phe-
nomenology of the spin Peltier effect in YIG seems coher-
ent with the absolute thermomagnetic power coefficient
derived previously.
VI. CONCLUSIONS
In this paper the problem of magnetization and heat
currents is investigated through a non equilibrium ther-
modynamics approach. Based on the constitutive equa-
tions of a ferromagnetic insulator and a spin Hall active
material we are able to solve the problem of the pro-
files of the magnetization current and of the potential
in the geometry of the longitudinal spin Seebeck and of
the spin Peltier effects. By focusing on the specific ge-
ometry with one YIG layer and one Pt layer, we obtain
the optimal conditions for generating large magnetization
currents into Pt in the case of the spin Seebeck effect and
for generating large heat current in YIG in the case of
spin Peltier effects. In both cases we find that efficient
injection is obtained when the thickness of the injecting
layer is larger than the diffusion length lM . The the-
ory predictions are compared with experiments and this
permits to determine the values of the thermomagnetic
coefficients of YIG: the magnetization diffusion length
lM ∼ 0.4µm and the absolute thermomagnetic power
coefficient M ∼ 10−2 TK−1.
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Appendix A: Constitutive equations of the
thermo-magneto-electric effects
The equations for the thermo-magneto-electric effects
relates the current densities of the electric charge je, the
magnetic moment jM , and the heat jq, with the gradients
of the electric potential Ve, the magnetization potential
H∗, and the temperature T . In one dimension (∇x =
∂/∂x) the equations are
je = −σe∇xVe + η µ0∇xH∗ − σee∇xT (A1)
jM = −η∇xVe + σM µ0∇xH∗ − σM M ∇xT (A2)
jq = −eσeT ∇xVe + MσMTµ0∇xH∗ − κiso∇xT.
(A3)
where σe is the electrical conductivity, e is the abso-
lute thermoelectric power coefficient, η represents the
magneto-electric conductivity, σM is the magnetic con-
ductivity, M is the absolute thermomagnetic power coef-
ficient and κiso is the thermal conductivity with ∇xVe =
0 and ∇xH∗ = 0. By defining the heat current as
jq = Tjs we obtain from Eqs.(10) and (11)
T
∂s
∂t
+∇xjq = µ0∇xH∗jM + µ0 (H
∗)2
τM
−∇xVeje. (A4)
By solving the previous equation together with the con-
stitutive equation (A3), one can obtain the generalized
heat diffusion equations.
Appendix B: Magnetization current carried by
electrons
We consider the specific case of metals in which the
magnetic and electric current are due to the same type
of carriers (electrons or holes) with different spin. The
theory can be equivalently formulated in terms of mag-
netic moment (up or down). One subdivides the particle
current jn = jn+ + jn− into the sum of moment up jn+
and moment down jn−. The electric current is je = qjn
where q is the charge of the carrier, while the magneti-
zation current is µB(jn+ − jn−), where µB is the Bohr
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magneton. As it is somehow customary to define a mag-
netization current jm measured in the same units of the
electric currents, we have then jm = (e/q)(je+ − je−)
where e is the elementary charge. Electrons, moving in
the opposite direction of the charge current, with a mag-
netic moment up will give a negative jm, while holes with
moment up, will give a positive jm. One is allowed to as-
sume different conductivities among the two sub-bands
as a function of the gradients of the potentials ∇Ve± rel-
ative to each sub-band. The equations are
je+ = −σ+∇Ve+ − σmix∇Ve− (B1)
je− = −σmix∇Ve+ − σ−∇Ve− (B2)
where one has to introduce both the individual channel
conductivities σ+ and σ− and the spin mixing conduc-
tivity σmix. One obtains
(
je
jm
)
= −σ0
(
1 + α β
β 1− α
)( ∇Ve
∇Vm
)
(B3)
with Ve = Ve+ + Ve− and Vm = (e/q)(Ve+ − Ve−)
where σ0 = (σ+ + σ−)/2 is the electric conductivity,
α = σmix/σ0 is the spin mixing coefficient (α ≤ 1) and
β = (σ+ − σ−)/(2σ0) represents the spin unbalance of
the conductivities. Vm is a potential for the current jm
with the same units of Ve. The electric conductivity is
σe = σ0(1+α) and the conductivity for the magnetization
current jm is σm = σ0(1 − α). It is often the case that
the spin mixing conductivity is very small (i.e. α = 0
into Eq.(B3)) because the spin flip events are much more
rare than the normal scattering conserving the spin, so
σm = σe. This leads to the Mott’s two current model.
In that case the spin unbalance coefficient β is a number
between 1 and -1.
The previous equations form also the basis to describe
the Hall and the spin Hall effects. We need to extend
the equations for the magneto-electric effects to two di-
mensions. We consider the case in which the spin mixing
conductivity is zero and σe = σm = σ0. The equations
read
 jexjeyjmx
jmy
 = −σ0
 1 −θH β −θSHθH 1 θSH ββ −θSH 1 −θH
θSH β θH 1

 ∇xVe∇yVe∇xVm
∇yVm

(B4)
where θH is the Hall angle and θSH is the spin Hall an-
gle. It is important to notice that the Hall angle depends
on the magnetic field while the spin Hall angle is a con-
stant that is determined by the spin orbit interaction for
conduction electrons.
We analyze in more detail a non magnetic conductor
with β = 0 for which the Hall angle is negligible θH = 0.
Furthermore we select conditions in which the electric
current is always along y and the magnetic current along
x. We have finally the equations for the spin Hall and
the inverse spin Hall effects
jey/σ0 = −∇yVe − θSH∇xVm (B5)
jmx/σ0 = θSH∇yVe −∇xVm. (B6)
To convert to magnetic units of Section III B one simply
uses
∇Vm = −
(µB
e
)
µ0∇H∗ (B7)
and
jm =
(
e
µB
)
jM . (B8)
Appendix C: One junction
Let us consider a bilayer of two materials: the injector
(1) from x = −t1 to x = 0 which contains a magneti-
zation current source jMS and the conductor (2) from
x = 0 to x = t2. The connection between the two me-
dia is put at x = 0 and the boundary conditions on the
magnetization current are: j1(−t1) = 0, j2(t2) = 0 and
j1(0) = j2(0) = j0. The solutions for the magnetization
currents, where only the injector (1) is an active material,
are
j1(x) = jMS + jMS
sinh(x/l1)
sinh(t1/l1)
+
+ (j0 − jMS)[sinh(x/l1) coth(t1/l1) + cosh(x/l1)] (C1)
and
j2(x) = −j0 [sinh(x/l2) coth(t2/l2)− cosh(x/l2)] (C2)
and for the potentials
H∗1 (x) =
jMS
(l1/τ1)
cosh(x/l1)
sinh(t1/l1)
+
+
j0 − jMS
(l1/τ1)
[cosh(x/l1) coth(t1/l1) + sinh(x/l1)] (C3)
and
H∗2 (x) = −
j0
(l2/τ2)
[cosh(x/l2) coth(t2/l2)− sinh(x/l2)].
(C4)
By setting the boundary condition at the interface be-
tween the two media H∗1 (0) = H
∗
2 (0) we find the value of
the current at the interface
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j0 = jMS
cosh(t1/l1)− 1
cosh(t1/l1) + r12 sinh(t1/l1) coth(t2/l2)
(C5)
where r12 = (l1/τ1)/(l2/τ2). Figs.7 and 8 shows the pro-
files of the magnetization current and the effective field
along the material for different values of t1/l1.
FIG. 7. Magnetization current profiles for a bilayer showing
the passage (injection) of a magnetization current generated
in medium (1), of finite thickness t1/l1, to the semi infinite
conductor medium (2). Curves are from Eqs.(C1), (C2). The
parameters are r12 = 1, l2/l1 = 2. The curves show the ef-
fect of different thicknesses t1/l1 of layer (1) on the injected
current.
FIG. 8. Magnetization potential profiles H∗ for the bilayer
of Fig.7. Curves are from Eqs.(C3), (C4) and normalized to
H∗0 = jMS/(l2/τ2). Parameters are the same of Fig.7
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